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Linking as Evaluation

Correct Separate Compilation via First-Class Environments
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Separate compilation is central to modular software: components are compiled independently and linked into
an executable. Separate compilation is correct when a linked program behaves like the program formed by
merging its sources. This property is less routine to prove than type soundness, even for simple types, because
its proof needs a formal account of linking. Verified compilers prove it, but only for static links outside the
source language. Some typed calculi make linking an expression, but none, to our knowledge, proves it.

We present Ascg, a simply typed calculus in which linking, modules, and environments are all first-class.
Programmers control module linking through a link operator, which a type-directed elaboration translates
into ordinary terms of a core calculus of first-class environments. The core calculus’s existing evaluation rules
then perform the linking: linking as evaluation. Linking independently compiled modules produces exactly
the elaboration of their source link, so compiling and linking commute by construction. Separate compilation
correctness then needs no proof of its own: it follows directly from semantics and behavior preservation, for
static and dynamic links alike. We also prove that a module’s exports depend on its provider only through the
imported values. We mechanize every result in Lean 4 and provide an OCaml compiler to WebAssembly that
uses no dedicated linking instruction.

Additional Key Words and Phrases: Separate Compilation, Linking, Semantics Preservation, First-Class Envi-
ronments, Compiler Correctness, Lean 4 Mechanization

1 Introduction

Type soundness [51, 52] is a widely accepted sanity criterion for statically typed programming
languages, supported by well-established proof techniques and mechanization frameworks. Modern
software also relies on separate compilation: components are developed, typechecked, and compiled
independently, then linked into larger systems [4, 26]. Separate compilation supports modularity,
incremental builds, and third-party reuse. The correctness requirement is simple: linking indepen-
dently compiled components should produce a program with the same behavior as linking their
sources before compilation. However, establishing this correspondence is less routine than proving
type soundness, even for simple types, because the proof requires a formal account of linking.
Cardelli [7] gives a foundational account of separate compilation and linking. The account
represents program fragments as open terms whose free variables are their imports. Fragments are
grouped into linksets. Linking proceeds by syntactic substitution: it matches an import to a fragment
by name and interface, then substitutes that fragment’s code for the import. Repeated linking
resolves all imports into an executable. SMLSC, a separate compilation extension to Standard ML,
follows the same model [48]. Cardelli proves, and SMLSC states, that linking preserves typing. Both
link outside the language. Neither proves that linked code behaves like the merged sources.
Linking need not remain outside the language. In Units [12], a compound expression connects
units’ imports and exports, so programs can assemble components at run time. Alice ML expresses
linking through functions: components are functions that receive an import function for acquiring
their imports. Static linking constructs a wrapper component [37]. MixML combines recursive
linking with ML-style abstraction [39]. Its semantics and soundness proof go through translation
into a core calculus. None of these designs proves that linking separately compiled components
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preserves the behavior of the combined source program. Lee and Friedman [25] prove, for an
untyped calculus, that compiled linking agrees with source hole filling, a meta-level operation. We
know of no typed calculus with linking as an expression that has such a theorem.

Separate compilation correctness has been established for verified compilers. For SepCompCert,
Kang et al. show that linking separately compiled C modules refines the behavior of the linked
source program [23]. For passes that commute with linking, compiling the linked sources produces
the same code as linking the compiled parts. In this easy case, Kang et al. derive separate compilation
correctness from whole-program correctness. For CertiCoq, which compiles Coq’s higher-order
language Gallina to C, Paraskevopoulou et al. establish separate compilation correctness for the
optimizing middle end using compositional logical relations [33]. In both, linking remains outside
the source language. Neither theorem covers dynamic linking, at run time.

We bring the last two strands together: linking within the language, backed by a proof of separate
compilation correctness that covers dynamic links. Our approach is linking as evaluation: a source
link elaborates into ordinary target terms whose evaluation supplies a module’s imports and
combines both modules’ exports into a linked library.

We develop this approach in Ascg, a simply typed calculus with first-class modules, environments,
and linking. First-class environments [49, 50] let programs construct the environment in which a
module runs, and use a linked library or module as an environment for computation. Ascg elaborates
into Ag, a calculus of first-class environments [50]. A separately compiled module with imports
becomes a closed function whose parameter supplies its import environment. Linking constructs
this environment from the required exports of another module, applies the function, and combines
their exports. Function application, field selection, and environment composition thus perform
the linking using the target’s existing evaluation rules. A module may also be sandboxed: it then
sees only its declared import, never the scope where it is written, and compiles to the same term
anywhere. A link passes the client only the selected import, never its own scope: the client runs
under the environment it captured, extended with that import.

Programmers control linking: a link is an ordinary expression. The same link can assemble
compiled modules at top level, link against a module passed to a function at run time, or draw an
import from the current environment. The link’s elaboration uses only its operands’ core terms and
interfaces, so the core linker emits that same term from compiled fragments: compiling and linking
commute by construction. Commutation is thus SepCompCert’s easy case, holding by design and
for dynamic links too.

We first prove that elaboration preserves types: well-typed source links compile to well-typed core
terms. Beyond the typing guarantees studied by Cardelli, we define Ascg’s operational semantics
and prove that elaboration preserves source semantics. A source program and its elaboration
evaluate to values related by elaboration or diverge together. The source link is the combined
program. Its elaboration is the core linker’s output, so semantics and behavior preservation yield
separate compilation correctness, with no account of linking beyond Ascg’s own semantics. This
covers static and dynamic links, at top level or inside functions, including diverging runs. The static
case (Corollary 4.13) proves, for Ascg, what Cardelli names but does not formalize. We also prove
interface abstraction: a client’s exports depend on its provider only through the imported values.

Our contributions are:

e The Agcg calculus (§3). First-class modules and typed links. We prove type safety.

¢ Elaboration (§§4.2-4.3). Type-directed elaboration, preserving types and semantics.

e Separate compilation correctness (§4.3). We derive correctness for both static and dy-
namic linking from semantics and behavior preservation. We also prove interface abstraction,
and confinement for sandboxed modules.

Extensions (§5.1). Unions, iso-recursive types, fixpoints, and multi-import linking.
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e Mechanization and implementation (§5.2). | We mechanize all results in Lean 4 [29] and
implement SCE-Lang, a prototype compiler written in OCaml. It targets WebAssembly [15]
with no linking instruction and supports staged linking in both the core and WebAssembly.

2 Overview

This section shows, on small examples, how Ascg turns linking into an expression evaluated under
first-class environments. Compiling a link then produces the same code as compiling its parts and
linking them. We introduce first-class environments (Section 2.1), and review Cardelli’s account of
linking and separate compilation (Section 2.2). Next, we present the design of Ascg (Section 2.3)
and illustrate its use through programming examples (Section 2.4).

The examples use a simplified surface syntax of SCE-Lang, our implementation (Section 5.2).

2.1 First-Class Environments

Environments are fundamental to language implementations: they hold the bindings against
which code executes. However, environments normally belong to the implementation, not the
language, so programs cannot reach or manipulate them. First-class environments [13, 36] lift this
restriction: environments become ordinary values that programs can build, inspect, extend, and
pass to functions. Because the body of a module is a sequence of bindings, a first-class environment
can also represent that body. Ascg builds on this idea and elaborates into Ag [50], a call-by-value
calculus in which dependent merges [49] build first-class environments.

Dependent merges. In Ag, arecord {I = e} supplies a single labeled entry. A merge e 4 e, evaluates
its operands and joins their values into one environment, so multi-field records are merges of
single-field ones. Merges are dependent: e is evaluated first, and its value extends the environment
in which e; runs. In A a typing context is the type of an environment, so the typing rule extends
the context I" with the left operand’s type and pairs the result types:

T'rFe :A IT'&Are;:B
Fl—e”ez:A&B

For example, the right component of
{x=2}5{y=x+1}

refers to x. By the rule above, the merge has type {x : Int} & {y : Int}. At run time, the value
{x = 2} on the left is added to the environment before the right component runs. So x resolves to 2,
and the merge evaluates to {x = 2} , {y = 3}.

Dependencies between declarations are pervasive in modules, where a definition often refers to
earlier definitions of the same module. A dependent merge makes such a sequence of dependent
declarations an ordinary expression. The following declarations

let x : Int = 2
let y : Int = x + 1

are modeled as the merge above, and its type gives the types of the declarations.

Variables and closures. Every Ag expression, such as the merge above, runs under a current, or
ambient, environment. To resolve a variable, Ag looks it up in the ambient environment and never
substitutes into terms. Terms of Ag are nameless: a variable is a de Bruijn index [9] giving the
position of an entry in the environment. For readability, this section writes names instead of indices.

Implementation and mechanization can be found at https://github.com/jam-khan/SCE-Lang


https://github.com/jam-khan/SCE-Lang

148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169

171
172
173
174
175
176
177
178
179

181
182
183
184

186
187
188
189
190
191
192
193
194
195
196

4 Jam Kabeer Ali Khan, Jinhao Tan, and Bruno C. d. S. Oliveira

Add.scei Double.scei
sig sig double : Int -> Int end
op : Int -> Int -> Int
unit : Int
end
Add.sce Double.sce
module Add = struct import Add
let op (x y : Int) : Int = x +y module Double = struct
let unit : Int = 0 let double (x : Int) : Int = Add.op x x
i end : end

available now e available later

Fig. 1. Double.sce compiled against interface Add. scei.

It also writes ¢ for both the empty environment and its type. A function evaluates to a closure
(v, Ax:A. e), which pairs the function with the environment v of its definition.

Programmer-controlled environments. Besides dependent merges, which build first-class environ-
ments, Ag provides constructs that let a program choose the environment a computation runs in.
The query operator env returns the current environment. A box e; > e; runs e; under the local envi-
ronment produced by e;, which replaces the ambient one. Assuming that the ambient environment
binds x to an integer, the expression

(envy{y=2})>(y+x)
is well typed. Here env returns the ambient environment, which contains x. The merge extends it
with the local binding y = 2. The box then runs the body under the extended environment, so both
y and x are in scope. Dropping the query gives

{y=2}>(y+x)
which is ill typed, because the environment that the box supplies binds only y. A box therefore runs
a computation under an environment that the program controls. Its body sees that environment’s
bindings and no others. The simply typed A-calculus has no such construct: a A only extends the
environment, so a function body sees every enclosing binding.

With the box construct, Ag provides a form of sandboxed modules [50]. A module that takes
other modules as arguments is boxed under the empty environment, so it acts only through its
arguments. The treatment is informal: A has no module syntax, types or rules. Nor do Tan and
Oliveira [50] study linking independently developed modules or separate compilation correctness.

2.2 Linking Outside The Language

Separate compilation compiles a client module against its provider’s interface without the
provider’s implementation. The provider can be compiled independently and linked with the
compiled client to produce an executable. Source files have the extension . sce, and interface files,
which list a module’s exports, have .scei. In Figure 1, Double imports Add and calls Add. op in
double. Double. sce takes the type of Add.op from Add. scei, so it compiles before Add. sce is
available. The figure shows only this compilation step, not how the modules are linked or what
makes compiling and linking correct.

Cardelli [7] formalizes the linking step that the figure omits. Separately compiled modules become
linksets: compilation produces them, and combination and linking act on them. The underlying
calculus is Fy, a simply typed A-calculus. A judgment E + a : A assigns type A to the term a under
the typing environment E, a typing context rather than a run-time environment. A linkset gathers
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(a) Compilation
Lygg =9 | op H (D Fas :Int > Int — Int)
unit  + (@, op:Int = Int — Int + 0 : Int)
Lpouwble = &, op:Int — Int — Int | double + (& + Ax:Int.op x x : Int — Int)

(b) Combination
Ladd + Loouble = @ | 0p H (D Fas:Int - Int — Int)
unit  + (@, op:Int = Int = Int + 0 : Int)
double H (&, op:Int — Int — Int + Ax:Int.op x x : Int — Int)
(c) Linking
link(Lagd + Lopouble) = @ | op H (D Fas:Int = Int — Int)
unit = (@+0:Int)
double H (@ F Ax:Int. a4 x x : Int — Int)

where a; = Ax:Int.Ay:Int. x + y

Fig. 2. Compiling, combining and linking the linksets of Add and Double, after Cardelli [7].

judgments under distinct names:
Eo|xiHE vra:A ... xnHE,Fap: Ay
The typing environment E, is the interface of the linkset and lists its imports. Each fragment
exports the term g; under the name x;. The typing environment E; of fragment x; gives the types of
the fragments that a; may refer to. Interfaces are thus typing environments outside the language:
no term of F; has a typing environment as its type.

Figure 2 shows the three steps on the modules of Figure 1, in adapted notation. Shading marks
what each step changes. Cardelli’s modules list imports one variable at a time, not by module,
so Double imports op directly. Compilation turns a module into a linkset with one fragment per
binding, each typed under the earlier bindings. The linkset’s interface lists the module’s imports
(a). Combining two linksets, written L + L’, puts their fragments into one linkset. An import of one
linkset that the other exports moves from the interface to the typing environments of the importing
fragments (b). Linking, written link(L), then resolves every name in the typing environments
by substitution: the moved imports and the earlier bindings. Each such name leaves the typing
environment and is replaced by the term exported under that name by a closed fragment, one typed
under the empty environment (c).

Cardelli proves that compilation, combination and linking preserve typing. That is, each fragment
typechecks, and each import has exactly the type that its provider exports. Cardelli names separate
compilation correctness, but F; has no evaluation in which to state it. It holds when linked code
behaves like the merged sources, one program with both modules. Linking acts on linksets, not on
terms of Fy, so it lies outside the language. A correctness proof thus needs an account of linking.

Cardelli’s account raises three questions:

e Fragments are open terms, and linking rewrites them by substitution. Can a compiled
module instead be a closed term that linking runs unchanged?

o Interfaces are typing environments, and linking is an operation on linksets. Can interfaces
be ordinary types, and can linking be an expression evaluated during execution?

e Can separate compilation correctness follow from the compiler’s correctness alone, with no
account of linking?

Section 2.3 answers them in order, using first-class environments.
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(a) Importing file

import M (* sig x : Int; y : Int end %)
let z : Int = M.x

(b) Sandboxed functor

~see (MM {x: Int} & {y : Int}}. {z = 0.Mx})

sandbox functor (I :
{M:sigx : Int; y: Int end }) -> ~sen (MM {x: Int} & {y : Int}}. {z = 0.Mx})
struct let z : Int = I.M.x end

(c) Structure

struct let x : Int = 1;

let y : Int = x + 1 end e {x=l}9{y=§+l}

Fig. 3. Source modules (left) and simplified A elaborations (right, shaded gray). We omit administrative
bindings. In (a-b), 0 = env.0 is the import record, by de Bruijn index. In (c), underlining marks a field lookup.

2.3 Linking Inside The Language

Asce makes linking first-class: a program can write a link at top level, place it inside a function,
or choose the link’s provider at run time. This design unifies static and dynamic linking in a
typed setting. It also makes separate compilation correctness a corollary of semantics and behavior
preservation.

To illustrate, take Add and Double from Figure 1, now declared within the program. We make
Double a sandboxed functor requiring an op operation of type Int — Int — Int. Any provider
exposing a unique op of this type can be linked with Double. First-class linking lets us combine
these modules into a library and use that library as the environment for a computation:

module Lib = link Add with Double
let main : Int = box Lib in op (double 5) unit (x 10 %)

The 1ink operator supplies Double’s import from Add and combines their exports in Lib. Because
structures elaborate to first-class environments, Lib serves directly as the environment of main.

Modules as closed terms. Lib links two modules declared in the program. A separately compiled
file links in the same way, because a file with imports elaborates to the same simplified form as a
sandboxed functor, up to parameter renaming. Figure 3(a—b) shows this form on a smaller module:
a boxed lambda whose parameter binds the imports. The box hides the ambient environment and
the lambda binds every import, so the compiled file is closed. Linking applies it and never rewrites
it, unlike the substitution of Figure 2(c). This answers the first question of Section 2.2. In Figure 3(c),
a structure elaborates to a first-class environment built by dependent merge: y can refer to x.

Interfaces as types. Module interfaces are ordinary types, so functions can accept and return
modules. This answers the first half of the second question. We write sig A for the type of a
structure whose contents have type A, and A —,, B for a functor with import type A and result
type B. The type translation [-] maps the functor and structure types in Figure 3(b—c) as follows:

[{M:sig ({x : Int} & {y : Int})} —,, sig {z: Int}] = {M: {x: Int} & {y : Int}} = {z : Int}
[sig ({x : Int} & {y : Int})] = {x : Int} & {y : Int}
Linking as evaluation. The second question also asks whether linking can be an expression. In

AscE, a source link elaborates into ordinary Ag terms, so the core evaluator links with its existing
rules for application, lookup, selection and merge.
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D={op:Int = Int > Int} P =D& {unit:Int} T ={double:Int— Int}
m’ = {op = Ax:Int. Ay:Int. x + y} o {unit = 0} n’ = e» (AD. {double = Ax:Int. op x x})

op:Int — Int — Int € sig P

EraB-Fung ELAB-STR
e+ Double : D —,, sig T~ n’ e+ Add : sig P~ m’

EraB-LINK
€ - Add =< Double : sig P & sig T~ (Ap:P. Af:(D = T). p o (f {op = p.op})) m’ n’

ey

Fig. 4. Elaboration of Add linked with Double.

Link elaboration into Ag. Figure 4 elaborates the link of Add (Figure 1) with Double, a sandboxed
functor (marked M) as in Figure 3(b). We write e; >< e; for link e; with e;.? The judgment
e e: A~ € typesa source term e and translates it to a core term e’. In ELAB-LINK, the premise
op : Int — Int — Int € sig P checks that Add exports op exactly once, with the type Double imports.

In e;, the applications evaluate the provider and client once, in that order, and bind their
values to p and f. The body selects the op field from p and supplies it to f as {op = p.op}, then
merges p with the client’s result. Linking thus becomes ordinary application and environment
composition. Because the current environment env, which Ascg inherits from Ag, is a first-class
value (Section 2.1), it can also be the provider. In a structure that declares op, with no other op in
scope, a later declaration can be env >< Double, which links Double against that op.

Confined linking. Linking against env makes the link site the provider, by explicit choice. First-
class environments invite a design that makes this implicit: run the client under the environment
where the link is written, extended with its import. The client’s meaning would then depend on
the link site. A name that the client uses but does not import would resolve to whatever that site
binds, and its compiled code would be valid only there. In Asc, a link instead applies the client, as
e, shows. The client runs under the environment its closure captured, extended with the selected
import. The link itself adds nothing from its own site. This holds for every client. A functor without
the sandbox mark, an open functor, still captures the environment where it is written. Its body
thus sees the definition site. The box in n’ removes that environment as well. Double’s body runs
under the empty environment extended with the record that f receives, so it sees op from Add and
nothing else. A sandboxed client therefore compiles to the same term wherever it is written. The
compiled client runs at any link site, against any provider that exports its import exactly once at
the required type, and its exports depend only on that import. Context Independence (Lemma 4.1)
and Sandbox and Link Confinement (Theorems 4.16 and 4.17) state these properties.

Link typing and the core linker. Elaboration preserves typing (Section 4.2), so a well-typed source
link elaborates to a well-typed core term. In the example, the source link has type sig P & sig T:
P describes Add’s exports (op, unit), D the import (op), and T Double’s export (double). Type
translation gives the core types P for m’,D — T for n’, and P & T for e;.

With these core types, the core linker needs no sources. Rule CL-LiNk checks that P supplies the
client’s import and emits e;, the same term that ELAB-LINK produced:

op:Int = Int - InteP

r - CL-LINK
m :Ppean DT ~in €

The examples assume integer arithmetic primitives, omitted from the formal grammar.
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Table 1. Separate compilation with linksets and Ascg.

Linksets [7] Asce
Compiled modules Open fragments Closed terms
Interfaces Typing environments Ordinary types
Linking Operation on linksets Ordinary expression
Import resolution Term substitution Argument passing and lookup
Separate compilation Type preservation Type, semantics and behavior preservation

The rule does not typecheck m’ or n’. Given their typings, which elaboration guarantees, Link
typing (Theorem 4.11) derives e + e, : P& T.

Linking semantics and preservation. A functor evaluates to a module closure (o, functor(A) e),
which pairs the functor with its captured environment v. Let v4 be Add’s value, c, its addition
closure, and b Double’s body. With p = ¢, {op = c;} and an empty ambient environment, the
following abridged reduction supplies op to the client and retains both modules’ exports:

Add >« Double —™ v, < (¢, functor(D) b) — v4 5, (p> D)

—" vy 4 struct {double = {p, Ax:Int. op x x)}

(3
The semantics of Section 3.3 gives this reduction both for separately compiled files linked at top
level and for modules linked inside a program. Semantics preservation (Theorem 4.8) ensures that
e, evaluates to a value related to v, by elaboration.

Separate compilation correctness. We can now answer the
last question: separate compilation correctness is a corollary

compile separately

of semantics and behavior preservation. Table 1 summarizes (e1, ;) ——— (e, €5)
all three answers. _

The upper square of Figure 5 compares the two paths. Rule fink lh“k
EraB-LINK elaborates the source link. That link is the merged e > ep L‘me) er
program, and the source semantics gives its meaning. Rule
CL-Link links the independently compiled operands using evaluate“ ﬂevaluate
only their interfaces. Both paths produce the same core term

elaborate ’
. . C . . 9 —mMM8—— 0
er, so elaboration commutes with linking by construction. The

lower square is semantics preservation, for terminating runs.
With behavior preservation (Theorem 4.9), it yields separate
compilation correctness for every well-typed link, at top level
or in a program (Corollaries 4.12 and 4.13).

Fig. 5. Correctness diagram.

2.4 Programming with First-Class Linking and Environments

Linkset linking (Section 2.2) runs before execution, so it cannot take a provider that a program
builds at run time. In Ascg, a link is an expression. So a program can load a compiled client at run
time and link it against a provider built per call. Figure 6 builds a page renderer whose formatting
plugin is such a client. The figure omits the imports of Sys and Loader and the union declarations.
The host supplies logging and falls back to plain text if loading fails.

Compile the client once. First, the plugin in panel (a) imports Cap for logging and exports render.
Compilation produces a sandboxed functor. Its body can call Cap. log but cannot name the host’s
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(a) Compile the plugin separately: fancy.sce to fancy.sceo
import Cap : { log : String -> Unit }
let render (text : String) : String =

let noted : Unit = Cap.log "rendering" in

Txk A text A" oxx"

(b) Build a logger, then package it with a message
let caps (name : String) =
{ log = fun (s : String) -> Sys.print ("[" * name * "] " * s) }
let host (cap : { log : String -> Unit }) (text : String) = struct
let message : String = text
let Cap = cap
end

(c) Load the client, link it, and run under the resulting environment
let page (cap : { log : String -> Unit 3})
(path text : String) : String =
let saved = host cap text in
match Loader.load path with
| Plugin p ->
let 1lib = link saved with p in
box lib in render message
| Failed e -> box saved in message
end

let aliceCap = caps "alice"
page aliceCap "fancy.sceo" "hello"

(x prints "[alice] rendering"; returns "x* hello *x" %)
page aliceCap "fancy.sceo" "bye"

(x prints "[alice] rendering"; returns "x* bye *x" %)
page aliceCap "missing.sceo" "hello" (* returns "hello" *)

Fig. 6. A plugin host in three steps. Comments show the output.

Sys, although Sys is in scope where the host links it (Section 2.3). Sandboxed functors elaborate
independently of their ambient context (Lemma 4.1).

Construct the provider. Next, caps in panel (b) builds a logger that captures the caller’s name, and
host packages it with a message. Both successful calls reuse aliceCap, although their providers
carry different messages. Linking passes only Cap to the plugin, which exports the same render
closure in both cases. This illustrates interface abstraction (Theorem 4.14). The linked result still
contains message. A no-op logger would silence the plugin without recompiling it.

Link, then choose the environment. Finally, page in panel (c) loads the plugin. On success, linking
saved with p produces 1ib. The box evaluates render message under lib, using the plugin’s
function and the provider’s message. The calls return different strings because the host supplies
different messages to that function. On failure, the box reads the message from the saved provider.

The declared type of Loader.load gives p the type of panel (a), so the compiler checks the link
before loading. At run time, Loader . load returns Plugin p only for a compiled file of that type.

The example illustrates the linking construction covered by separate compilation correctness
(Corollary 4.12). Strings, I/O, and artifact loading lie outside the formal calculus.



442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460
461
462
463
464
465
466
467
468
469
470
471
472
473
474
475
476
477
478

480
481
482
483
484
485
486
487
488
489
490

10 Jam Kabeer Ali Khan, Jinhao Tan, and Bruno C. d. S. Oliveira

Types ABT u= Int|e|A—>B|A&B|{l:A}|sigA|A—, B
Functor modes s == WO
Expressions e == env|i|le|len|el|AA e|(v,AA. e)|ejex]| {l=¢}

e1>ey|erqer|ep e |letegine, | opene; iney | m

Modules m == struct e | functorg(A) e | (v, functor(A) e) | e; e ey | e > ey
Values v u= i|e|{v,AA. e)| (v, functor(A) e) | structov | v; 405 | {l = v}
Sugar I 2 envl n = env.n

Fig. 7. Syntax of Asck.

3 The Source Calculus: Ascg

Asce extends Ag [50] with first-class modules and a linking expression. It keeps first-class environ-
ments and dependent merges [49]. The merged program is the source link, which Ascg’s semantics
evaluates: Section 4.3 states separate compilation against that evaluation. Rule ELAB-LINK translates
a link to the term that the core linker emits for compiled fragments. By Corollary 3.7, a well-typed
program cannot get stuck, even for links in functions or with providers chosen at run time.

3.1 Syntax

Figure 7 shows the syntax of Ascg. We use blue for modules and module types, and orange for the
other extensions to Ag. The black constructs are inherited from Ag. These colors also distinguish
the constructs in the typing and reduction rules.

Types as contexts. Metavariables A, B, and I range over types. Any type can be a typing context.
Types include integers (Int), a unit type (¢) for the empty environment, environment types (A & B),
arrow types (A — B), and single-field record types ({! : A}). An environment type pairs two
environment components in order. There is no subtyping. Type equality is structural, so Int & ¢
differs from ¢ & Int, as (Int & Int) & € does from Int & (Int & €). We associate chains of environment
types and merges to the left. A multi-field record type abbreviates a chain of single-field ones.

Module types. Any module’s type is its interface: an interface type for a structure, and a functor
type for a functor. The interface type sig A, written with the keyword sig, classifies structures
whose body has type A. The functor type A —,, B classifies functors importing A and exporting B.

Expressions. Expressions include integers (i), a unit expression (¢), applications (e; ez), boxes
(e1 > e2), dependent merges (e; 4 €2), and lambda abstractions (1A. e). A lambda binder is nameless.
Its annotation A supplies the parameter type when typing the body. The query env returns the
current environment. Projection (e.n) returns the n-th entry of the value of e, so a variable with de
Bruijn index n [9] is env.n, abbreviated n. Records ({I = e}) create labeled entries, which selection
(e.l) retrieves. Multi-field records are merges of single-field ones. The sugar [ abbreviates env.l. A
closure ({v, AA. e)) saves the environment in which a function was created.

The orange constructs elaborate to core expressions (Section 4). A non-dependent merge (e; « €3)
evaluates both components under the same environment, without making the value of e; available
to e;. The let binding (let e; in e;) adds the value of e; to the environment of e;. It requires no
annotation because typing synthesizes the type of e; (Section 3.2). Finally, open e, in e; opens a
named component: e; must have a single-field record type {I : A}, and its field value extends the
environment of e;. If the field holds a structure, e, can then select the structure’s exports by label.

Modules. The blue constructs form the syntactic category m of modules, which is part of the
expression grammar (e := --- | m). Their subterms are arbitrary expressions. In particular, the
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(Containment)

CtM-ANDL CtM-ANDR CtMm-S1G
Crm-Rep [:AeB Il¢label(C) [:AeC ¢ label(B) [:A€B
I:Ae{l:A} l[:AeB&C l:AeB&C l:AesigB
(Typing and elaboration)
ELAB-IDX
EraB-INT Eras-Top Eras-Env T'te: A~ € lookup(A,n) =B
Tri:lnt~ i Tre:e~ e I'-env:I ~~ env I'ten:B~ée.n
EraB-Lam EraB-Rcp ELAB-SEL
IF'&Are:B~¢€ F'te:A~ € IF'te:B~¢ [:A€B
T'r1A.e:A—> B~ A[A]l.ef Tr{l=e}:{l: A}~ {l=¢"} T'rel:A~ €'l
ELAB-App ELaB-Box ELAB-MRG )
T'te:A—> B~ g The Ty~ e Fre: A~ e
They: A~ e i Fe: A~ e F&Are:B~ e
Theey:B~efe Therey: A~ el>e, Theges: A& B~ €156
ELaB-CLos Eras-NMrG
ero:1~0v L1 &Are:B~ ¢ Fre:A~ef Tre:B~ e

Tr(vdA. e):A— B~ (0 A[A].e/) Trene:A&B ~ (env, ((0>e)), (1> e;))).0

ELAB-LET , , ELAB-OPEN
F'reg:Awe T&Are:B~ e Tre :{l:A}~ ¢ T&Are:B~ e
[+lete;ine;: B~ (ef5e).0 [+ open e ine; : B~ (A[A]. €3) (ef.0)

Fig. 8. Containment, typing, and elaboration of expressions.

operands of module application and linking need not be module forms. A functor may be selected
from the environment or computed by another expression.

A structure (struct e) evaluates its body under the ambient environment and packages the result
as the value struct v. A functor (functors(A) e) abstracts a body over an import of type A. Like a
lambda abstraction, a functor evaluates to a closure, here a module closure ({v, functor(A) e)). The
functor’s mode s determines the captured environment: empty in sandbox mode (M) and ambient
in open mode ([J). Module application (e; e e;) supplies the functor e; with its import e,. Modules
can be bound, merged, passed to functions, and returned.

Linking (e; > ez) connects a provider e; to a client functor e,. The client’s import is a single-field
record {l : A}, as for open, and its label [ names an export of the provider. Linking selects that
export, supplies it to the client, and merges the provider with the client’s result. The provider can be
any expression whose type contains the import, such as a function’s argument or env (ELaB-Env).

3.2 Typing

Figure 8 presents the typing and elaboration rules for expressions. The judgmentI' - e : A ~~ ¢’
states that source expression e has type A under I' and elaborates to the A term ¢’. Elaborated
terms are shaded gray, and [A] translates a source type to a Ag type. This subsection explains typing.
Section 3.3 explains the term that rule ELAB-LINK generates, and Section 4.2 the type translation
and other generated terms.
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(Typing and elaboration)

ELAB-STR ErLaB-MAPP
IF'te:B~ ¢ e :A—, B~el Tre:A~ e
T+ struct e : sig B ~ ¢’ I'ejoey:B~ e e
EraB-Fung EraB-Funp
e&Are:B~ ¢ IF'&Are:B~¢€
[ + functorg(A) e : A —,, B~ e (A[A]. €’) [ + functor(A) e : A —,, B~ A[A]. €’
EraB-MCLros

ero:I~0 T &Are:B~¢é

T + (v, functor(A) e) : A —,, B~ (o', A[A]. ¢’)
ELaB-LINK
FTre:Ti~e Tre:{l:A} —>,B~e [:Acl

Tresee:L&B ~ (AN] AL [A]} = [BD- 1, (1 {I=01}) ¢; ¢
Fig. 9. Typing and elaboration of modules.

Environments and lookup. The query env inspects the context, and has the current context I as its
type (ELaB-ENV). A projection e.n has type lookup (A, n) when e has type A (ELaB-IDX). The partial
function lookup counts from the right end, so index 0 is the rightmost entry:

lookup(A& B,0) = B lookup(A & B,n+1) = lookup(A,n)

A box e; > e; replaces the ambient context I' with the type of e; when checking e; (ELAB-Box).
Lambdas and dependent merges retain I' and extend it on the right to T & A, where A is the
parameter type or the left operand’s type, respectively. By rule ELaB-C10s, a closure (v, AA. e) uses
its captured environment: its body is checked under Iy & A, where v has type I'} under ¢.

Labels and containment. Projection finds an environment entry by position. Selection and linking
instead find a field by label. Both use the containment judgment [ : A € B of Figure 8: type B
exposes exactly one field named [, and that field has type A. The function label(-) records the labels
exposed by a type:
label({I : A}) {I} label(A & B) label(A) U label(B)
label(sig A) = label(A) label(A) = & otherwise

For an environment type, containment requires [ in exactly one component. A merge may contain
duplicate labels, but selecting a duplicated label or linking a client that imports it is ill typed.

Let and open. Like selection, open reads a field by its label, but it needs no containment. Its
operand e; must have exactly the type {I : A}. Rule ELAB-OPEN adds only A to the context. Rule
ELaB-LET instead adds the whole synthesized type of e, so for the same e; it adds {I : A}. Take
e; = {M = struct {x = 1}}. After open e; in ey, e, selects the structure’s export as x. After
let e in ey, e; writes M.x. Either way, the first label e, selects, x or M, must be unique in the context.

Modules and linking. Figure 9 gives the module rules. Like a let or open body, a functor body is
checked under an extended context. Its import type A extends the empty context or the ambient
one, depending on the functor’s mode. A sandboxed body is checked under ¢ & A, so it accesses only
its import. An open body is checked under I' & A and may also use ambient bindings. Both modes
give the functor the type A —,,, B, where B is the type of its body. Open mode serves functors over
ambient modules. Sandbox mode serves separately compiled clients.
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Frames F == On|0Ol|{I=0}|0eloO|0re|0Oge
| OgelogO|letOine|openOine
| structd|dee|veld| e o<

Environment ambg (v) £ amb(v) = v
vl ~ v (Selection)
SEL-MRGL SEL-MRGR SEL-STR
SEL-RcD v~ vl ~ 0 v~

{l=0}l~0v (v14502)l~0v (v1503).l~ 0 structov;.l~0v

vke—e (Small-step reduction)
S-FRAME S-BoxR S-MRGR ,
vrFre—¢€ Ul"€2—>€§ Vy01 ey —> e
o+ Fle] — Fle’] vrovive;—vipe, 0F01ges —> 0196
S-Env S-BoxV S-Lam S-NMRrGV

vFenv—0 0F0 >0 — Uy 0FAA.e— (1,AA.e) VFUxU — V1502

S-IpxV S-SELV
S-BETA lookupV (v, n) = v, v1.0 ~ 0y
ot (v, AA. e) vy — (v 501) > e Uk 0.n— 0y vkl — 0,
S-LETV S-OPENV
vt leto;ine; — (v,01) > ey vropen{l=0v'}ine; — (v,0)>e;
S-Fun S-MBETA

v + functors (A) e — (amb,(v), functor(A) e) v+ (v, functor(A) e) e v; — (vy501) > e
S-LINkV
01.l ~ g

v + vy >< (vg, functor({l : A}) e) —> v1 5 (02 5 {l =0;}) > €)
Fig. 10. Small-step semantics of Asck.

Rule ELAB-LINK constructs the import from the one provider field of the required name and type.
Although Ascr has no subtyping, linking thus accepts a provider with additional exports. Module
application returns only the client’s result, whereas linking returns the provider merged with that
result. For example, take Add from Figure 1, which exports op : Int — Int — Intand unit : Int, and
a functor Double’ that imports only {op : Int — Int — Int} and exports double : Int — Int. Direct
application Double’ e Add is ill typed, because Add’s interface differs from the required import
record type. The adapted application Double’ e {op = Add.op} returns only the client’s structure,
whereas Add > Double’ needs no adapter. The link also retains op and unit.

3.3 Small-Step Semantics

Figure 10 defines the call-by-value small-step semantics of Ascg. The judgment v - e — e’ states
that e takes one step to e’ under the ambient environment v, which is a value. We write v - e —* ¢’
for its reflexive and transitive closure.

Environments in reduction. Frames F specify left-to-right evaluation, and rule S-FRAME preserves
the ambient environment. Rules S-Exv, S-BoxV, S-IpxV and S-SELV return the environment, the
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body’s value, or the entry found. Boxes and dependent merges change the environment used for
their right operands. A box e; > e; replaces it with the value of e; (S-BoxR), whereas a dependent
merge extends it with the left operand’s value (S-MRGR). Rules S-LETV and S-OPENV reduce let
and open to boxes whose bodies run under the ambient environment extended with the bound
value. A non-dependent merge leaves the environment unchanged: frames evaluate both operands
under it, and rule S-NMRGV then turns the two values into a dependent merge.

A lambda captures the ambient environment in a closure (S-Lam). Rule S-BETA then runs the
body in a box under the captured environment extended with the argument, without substitution.
Functors work in the same way (S-Fun, S-MBETA), except that rule S-Fun captures ambs(v), which
is the empty environment for a sandboxed functor. Rules S-MRGR and S-BETa both extend the
environment on the right, so lookupV also counts from the right end:

lookupV (v1 4 v2,0) = vy
lookupV (v1 ¢ v2, n+1) = lookupV (v, n)

For example, take an ambient environment v and the term (AA. AB. e; 4 €3) v; v;. Its two beta
steps run the body under (v 4 v1) 4 v;. The merge then adds the value v3 of e; for its right operand.
So the indices denote the following:

Environment 0 1
Left operand e; (vq01) 50 vy U
Right operand e; ((v401) 902) 503 U3 Vs

The same index thus denotes different entries in the two operands of a dependent merge. Index 1
is v1 on the left and v, on the right. This difference is what rule ELaB-LINK relies on. In its term
1,4(1 {I =0.1}), the left 1 denotes the provider. On the right, 1 denotes the client and 0 the provider.

Rule S-LinkV is module application followed by a merge: its right operand is the S-MBETA reduct
of the client applied to {I = v;}, and the provider is merged on the left. The link evaluates the
provider first, then the client. Below, the provider One supplies x to a client Inc that adds 1:

One = struct {x =1}, Inc = functorg({x : Int}) (x + 1)

e+ Onev<Inc —* One,y ((e5{x=1})» (x+1)) —" One, 2

Under ¢ 4 {x = 1}, the box runs the sandboxed client Inc, so its body can access only the selected
import. The body evaluates to 2, and the link to One , 2.

The link above selected x from One. Label selection v.l ~» v’ searches both sides of a merge and
looks through structures (SEL-MRGL, SEL-MRGR, SEL-STR). When the type of v contains I, only one
side has I, so selection is unique, which makes well-typed evaluation deterministic (Theorem 4.15).

Rule S-LINKV uses only selection, a record, a box and merges, all of which Ag has. Rule ELAB-LINK
expresses this behavior as a Ag term (Section 4.2), so Ag needs no separate linking rule.

3.4 Type Safety
We state the typing properties of Ascg using the elaboration judgment with its core term hidden:
Tre:A 2 Je', Tre:A~ ¢

An expression has at most one type under a given context.
THEOREM 3.1 (INFERENCE UNIQUENESS). If ' e : Ay andT e : Ay, then A; = A,.
A value has the same type under every context.

LEMMA 3.2 (VALUE WEAKENING). If I} F o : A, thenI; v : A for every Is.
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Indexed lookup and label selection succeed on a well-typed value and return an entry of the type
that lookup or containment gives.

LEMMA 3.3 (LoOKUP PROGRESS). If ¢ + v : A and lookup(A, n) = B, then lookupV (v, n) =0’ for
some value v’ withe+ v’ : B.

LEMMA 3.4 (SELECTION PROGRESS). If e -v: Aandl: B € A, thenv.l ~ 0" for some value v’ with
erov :B.
Boxes and dependent merges change the environment during evaluation, so we prove progress

and preservation for an arbitrary environment v of type I'. Because environments are values, the
expression judgment types them too.

THEOREM 3.5 (PROGRESS). If e -ov:T andT' e : A, thene is a value orv + e — €’ for somee’.
THEOREM 3.6 (PRESERVATION). If e v :T,I'+e: A, andvte— e, thenT e’ : A.

Although variables are de Bruijn indices, the proofs need no term-substitution or index-shifting
lemmas: they use environment lookup and value weakening. For linking, Lemma 3.4 supplies the
import value at the required type. The typing rules for records, boxes, and merges then establish
preservation of the linked result. Instantiating both theorems with v = ¢ and I' = ¢ gives type safety.

CoOROLLARY 3.7 (TYPE SAFETY). If ¢+ e : A, then e is a value or e - e — €’ for some e’, and every
such e’ satisfiese + e’ : A.

4 Elaboration and Separate Compilation Correctness

Modules in Ascg elaborate to terms of the core calculus Az [50]. The elaboration of a source link
is exactly the term that the core linker emits for the compiled fragments. Compiling and linking
therefore commute by construction (the upper square of Figure 5). Separate compilation correctness
then follows from semantics preservation (the lower square) and behavior preservation, for static
and dynamic links alike. Section 4.1 fixes notation for Ag, and Section 4.2 presents the elaboration.
Section 4.3 proves correctness and interface abstraction.

4.1 Target calculus Ag

The calculus Ag has the expression and type forms shown in black in Figure 7. Tan and Oliveira
[50] give the typing and semantics of Az. We write  for source judgments and + for core judgments.
Where both calculi appear, u ranges over core values and v over source values.

Typing and Semantics. The typing judgment I + e : A of Af uses a type as its context I', as in Agcg.
Ag is type safe [50], and our mechanization reproves progress and preservation for Ag.

4.2 Type-Directed Elaboration

Elaboration turns a structure into its body, a functor into a function, and a link into a core term
built from applications, selection, and merge. The target therefore needs no module constructs.
Figures 8 and 9 pair each typing rule with its core term, and this subsection explains those terms.

Type Translation. The translation [-] maps source types to Ag types. It is homomorphic on the

constructors shared with Ag, removes interface wrappers, and turns functor types into arrows:
[sig Al = [A] [A—n B] = [A] = [B]

Since contexts are types, the same translation applies to the typing context T'.

Core Expressions. Elaboration preserves the expression forms shared with Ag and recursively
elaborates their subterms. Rules ELaB-LAaM and ELAB-C10s also translate the parameter annotation.
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Derived Expressions. Let bindings, open expressions, and non-dependent merges elaborate to core
environment operations. The examples evaluate under the ambient environment {x = 7}:

Source expression ‘ Elaborated term ‘ Value

let {y=1} iny+x (fy =1}, (y +2)).0 8

open {m={y=1}}iny+x | (My:Inth. y+x) ({m={y =1}}.m) 8
{x=1}y{z=x+1} (env, (0> {x=1}), (1> {z=x+1})).0 | {x =1},{z =8}

A let binding uses a dependent merge to extend the body’s environment with the whole bound
value, then projects the body’s result (ELAB-LET). An open expression instead extends the environ-
ment with only the field value of its operand (ELAB-OPEN). The operand’s synthesized type {I : A}
supplies the selection label I and the lambda annotation [A]: m and {y : Int} in the second example.
Only the open encoding uses type information.

In a non-dependent merge, the outer env saves the ambient environment, which boxes restore for
each operand (ELAB-NMRG). In the third example, the right operand sees the ambient x = 7,s0 z = 8.

Modules. Elaboration removes structure wrappers (ELAB-STR) and maps module closures and
applications to their core counterparts (ELaB-MCros, ELAB-MAPP). An open functor elaborates to
a lambda abstraction that captures the ambient environment (ELaB-Funp). A sandboxed functor
elaborates to the boxed abstraction ¢ » (A[A]. ¢’) (ELaB-Fung). The box makes the abstraction
capture the empty environment. Rule ELaB-Fung ignores the ambient context, so a sandboxed
functor elaborates the same way wherever it occurs. A sandboxed client therefore compiles once
and links in any context:

LEMMA 4.1 (CoNTEXT INDEPENDENCE). If I} I functorm(A) e : C ~ €', then

I, + functorg(A) e : C ~ ¢’ for every T,.

Proor. Rule ELaB-Fung checks the body under ¢ & A, independently of the ambient context. O

Linking. A link e; >« e,, with operand types I} and {l : A} —,, B, elaborates by rule ELAB-LINK to
the following term. The named form identifies the provider p and client f:

Named | (A(p: [Li). ACf < {15 [A]} — [B]). ps (F (1= p}) €] ¢} )
Nameless | (A[T1]. A({l: [A]} — [B]). 15 (1 {I=0.1})) €] €] (
We write linkc([T1], {I : [A]}, [B], ], e;) for this term. It generalizes the term e, that links m’ and
n’ in the overview to any import label and interfaces.
Across all rules, elaboration preserves types (Theorem 4.2) and produces a unique core term
(Theorem 4.3). With Theorem 3.1, a well-typed expression and its context therefore determine the
expression’s type and elaboration. The elaboration of a link is thus well defined.

THEOREM 4.2 (TYPE PRESERVATION). If T Fe: A~ ¢ then[I]F e : [A].

THEOREM 4.3 (ELABORATION UNIQUENESS). If I'e: A; ~» e andT - e: Ay ~ ej thene] =e,.

4.3 Separate Compilation Correctness

A sandboxed client is compiled against only the interface of its import, and links with any provider
whose type contains it. We derive separate compilation correctness from semantics and behavior
preservation, and show that the client’s result depends on its provider only through the import.
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Big-Step Semantics. We use big-step evaluation to state semantics preservation. The judgment
v + e = v’ states that e evaluates to the value v’ under the ambient environment v. Its rules evaluate
subexpressions under the same environments as the small-step rules, and Appendix A gives the
rules in full. The rule for a link mirrors rule S-LINKV:

EvaL-LINK

Uke = v v+ ey = (vq, functor({l : A}) e) v1.l ~ g veo{l=v}Fre=u;

Uk ey ptey = 014903

Big-step evaluation agrees with small-step reduction to a value. The results on terminating runs
below use big-step evaluation, and Theorem 4.4 carries them to small-step reduction:

THEOREM 4.4 (BIG-STEP/SMALL-STEP EQUIVALENCE). v + e = ¢’ ifand only if v - e —" v’.

For Ag, we write u + e = u’ for big-step evaluation, which the mechanization also proves
equivalent to small-step reduction.

Semantics Preservation. Elaboration preserves evaluation: a terminating source expression and
its elaboration produce values related by elaboration. The proof uses three facts: source values
elaborate to core values, and indexed lookup and label selection commute with elaboration. We use
the same notation for the corresponding core operations.

LEMMA 4.5 (VALUE ELABORATION). If ' v : A~ €, thene’ is a value.

LEMMA 4.6 (LoOKUP PRESERVATION). If ¢ F v : A ~~» u, lookup(A, n) = B, and lookupV (v, n) = v’,
then 3u’, lookupV(u,n) =u’ ande+v" : B~ u’.

LEMMA 4.7 (SELECTION PRESERVATION). If ¢ - v : A ~» u,l : B € A, andv.l ~ o', then
Ju',ul~u andevr o : B~ u'.

THEOREM 4.8 (SEMANTICS PRESERVATION). I[f T Fe: A~ e ,er-0:T ~ u,ando + e = v,
then3u',ure =>u ander v : A~ u'.

Proor SKETCH. By induction on the source evaluation, using Lemmas 4.5-4.7 for queries, indexed
projections, and field selection. In the linking case, the induction hypotheses and Lemma 4.7 give the
core provider, client, and export, and the term (1) runs the client body as rule Evar-Link does. O

Theorem 4.8 runs from source to core and speaks only of terminating runs. Theorem 4.9 adds
the converse and divergence. Big-step evaluation cannot express a run that never ends, so we write
v + e ] when e has an infinite small-step reduction under v, and likewise u I ¢’ | for Ag.

THEOREM 4.9 (BEHAVIOR PRESERVATION). If T'+e: A~ e andetv:T ~» u, then
(i) ure = u impliesv+-e =0 andet+ v’ : A~ u' for somev’; and
(ii) o+ e N ifand only ifu v+ e’ 1.

PROOF SKETCH. An auxiliary simulation relation matches each source step with zero or more
core steps. Zero-step matches strictly decrease a natural-number measure on source terms, so
infinite source reductions yield infinite core reductions. Termination and divergence reflection then
follow from source type safety, semantics preservation, and core determinism. O

Fixpoints or iso-recursive types, added in Section 5.1, let terms diverge. Like every theorem in
the paper, Theorem 4.9 covers that extended language.
Taking I' = ¢ and v = u = ¢ in Theorems 4.8 and 4.9 gives correctness for whole programs.

COROLLARY 4.10 (WHOLE-PROGRAM CORRECTNESS). If e - e : A ~~ €, then e and e’ have the
same behavior under ¢:
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(a) ere=> 0 impliesere’ = u' andetr-v' : A~ u' forsomeu’;
(b) e+e = u' impliese-e = v ander v : A~ u' for somev’; and
(c) e-efNifandonlyifer e 1.

Core Linking. Corollary 4.10 covers a program compiled as a whole. The core linker instead links
separately compiled fragments. It receives two core fragments and their interfaces, not their sources.
We model it by the judgment

er:h e {l: L} > L ~iink e

The judgment links a provider e; of interface I; and a client e, into the term e,. Here the client
imports a field [ of type I; and exports I,. The interfaces I;, I; and I, play the roles of [I}], [A] and
[B] in term (1). Rule CL-Link checks containment and emits the term of rule ELAB-LINk:

CL-LINK

l: L el

er Iy e ep i {l: L1} = L ~iink linke (I, {1 1}, I, €1, €2)
The judgment uses only the fragments and their interfaces, so it has no context index and does not
check the fragments’ types. Theorem 4.11 assumes their typing under any core context I.

THEOREM 4.11 (LINK TYPING). If e; : I} »< ey : {l : [} > L, ~>ink e, I F e : 1, and
Torey:{l:;} > L, thenT, re: I} & L.

The result keeps both modules’ exports, so it can be the provider of a further link.

Reusing a Compiled Client. Rule CL-LINK lets one compiled client serve providers it was never
compiled against. Take n’, the compiled Double of Section 2.3, whose interface is {op : Int —
Int — Int} — T with T = {double : Int — Int}, and a provider compiled with another interface:

e; = {unit =1}, {op = Alnt. Alnt. 1 X 0} I, = {unit:Int} & {op: Int — Int — Int}
Since op : Int — Int — Int € I; holds, rule CL-LINK derives

er:I; a0’ :{op:Int > Int > Int} > T ~jink e
Here op multiplies, so e,.double 5 evaluates to 25. Type equality is structural, so I; differs from

the interface P of the compiled Add, which lists op first. The client n’ is still reused unchanged,
because rule CL-Link checks only that I; contains op.

Separate Compilation. Separate compilation correctness is a corollary of semantics and behavior
preservation, because the core linker emits the elaboration of the source link. The provider and the
client may depend on the ambient context I, for example when a function receives its provider as
an argument. The linked core term then runs under the elaboration of the source environment.

In the corollaries, the provider’s interface I;, the import type I; and the client’s exports I, are
source types. The core linker receives their translations [I;], [I;] and [I].

COROLLARY 4.12 (DYNAMIC SEPARATE COMPILATION). If
(l)l"l—el:Ilwei/\l:Ilell (Z)FFEZZ{IZI[}HmIZWE;Z
(3)ep - [] > e {l: [L]} = [E] ~iink e Herv:T~u
Then e > e, under v and e, under u have the same behavior:
(a) v egpae, =0 impliesutr e, = u ander o : ) &I, ~ u’ for someu’;
(b) ute = u impliesv - ey<e; => v ande v’ : I} &I ~> v’ for somev’; and
(c) vrevey ifandonlyifutr e 1.
Proor SKeTcH. With (1)-(3) and rules CL-LiNk and ELAB-LINK, we have I + eyp<ey : [[ &I ~~ ;.
Theorem 4.8, applied to this elaboration with (4), yields (a), and Theorem 4.9 yields (b) and (c). O
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Property Description
Context independence A sandboxed functor f = functorg(A) e has the same type and elaborates to
(Lemma 4.1) the same core term in every context.

Ff:Cwe = Lrf:C~ ¢, forally,D.
Interface abstraction Fix a client e of type {I : A} —,, B under I', and an environment v of type I.
(Theorem 4.14) Provider values py, p, that contain {/ : A} in their types and select the same

import value give

VEpipe=PprowW &= VFprpie = Prgw.

Separate compilation Linking independently compiled modules preserves the result of their source
(Corollary 4.12; link. For T + ey > e : I} & I, let e, link their separately elaborated core terms. If
Corollary 4.13) erv:T ~ u,then

vhe<e, =0 = 3u,urte=>u Aerd L &L~ u'.

Fig. 11. Properties of linking and separate compilation.

A sandboxed client is compiled once, under ¢, before any provider or scope is chosen: by
Lemma 4.1, its compiled term satisfies (2) for every I'. An open client’s compiled term may refer
to T, so it is valid only under the context I' in which it was compiled. The corollary also covers
such clients, each in its own context, as well as clients that are variables bound to loaded modules.
Loading itself lies outside the calculus: through premise (4), the corollary assumes that a loaded
module’s value elaborates to its compiled form. Static linking instead compiles both fragments
under ¢ and runs them under the empty environment.

COROLLARY 4.13 (StATIC SEPARATE COMPILATION). Assume (1)—(3) of Corollary 4.12 with T = ¢.
Then (a)—(c) hold withv = u = ¢.

Proor. Apply Corollary 4.12 witho =u =¢. O

In words, the core linker’s output evaluates to the elaboration of the source link’s result exactly
when the source link terminates, and diverges exactly when the source link does. Both corollaries
give this for a client compiled once and a separately compiled provider.

The corollaries cover a single link. An SCE-Lang program is a sequence of files, each linked against
the earlier ones, or merged with them if it has no imports. Theorem C.1 extends Corollary 4.13 to
such a sequence of binary links and merges with import-free files (Appendix C.1).

Interface Abstraction. A new provider preserves the client’s result if the selected import value is un-
changed. We fix the client, ambient environment, and import value, with its captured environments.

THEOREM 4.14 (INTERFACE ABSTRACTION). Let p1 and p; be values. SupposeT + e : {l : A} —,, B,
erov:T,and fori=1,2,¢+ p; : P;,1: A € P;, and p;.l ~~ v;. Then, for every value w,

VEpIPe D Prow &= Uk pypae = Prgw
andv + py><e  ifand only ifv + py>ae .
Proor SkeTcH. Typing makes selection of [ unique, so rule EvAL-LINK supplies the same record

{l = v;} to the client in both links. Reusing the client and body derivations proves each direction. A
well-typed link diverges exactly when it does not terminate, which gives the divergence part. O

Figure 11 summarizes context independence, interface abstraction, and separate compilation
correctness. Its entries omit divergence, and the separate compilation entry shows only clause (a).
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Types ABT u= ---|AVB|a|pa. A
Expressions e == ---|inlge|inry e| casee of e; | e;
| fix(A—B). e | fold [ua.A] e | unfold e
Import interfaces D == {l:A}|D&{l:A}
Modules m u= ---|epren

Fig. 12. Unions and recursion extend both calculi, and multi-import linking extends Asce.

Sandbox and Link Confinement. A link never passes its own ambient environment to the client. The
client runs under the environment it captured, extended with the selected import. A sandboxed
client captures the empty environment (S-FUN), even inside a function, as the box in its elaboration
(ELaB-Funpg) does. Its body therefore sees only that import: no binding in scope where the client is
written or linked, and no other export of the provider. Since typing makes every selection unique,
source evaluation is deterministic, and the agreement of results follows from determinism, both for
a sandboxed functor applied directly and for links. For divergence, both runs take the same first
steps, then run the same body under the same environment, so they diverge together.

THEOREM 4.15 (DETERMINISM OF EVALUATION). If T'e:A,erov:T, 0+ e = v, andov - e = vy,
then vy = v,.

THEOREM 4.16 (SANDBOX CONFINEMENT). Lete & A+ e:B,e vy : A, and f = functorg(A) e.
For values p1, ps, if pi + f @ vy = v; fori = 1,2, then vy = vy. Moreover, p; + f o vy || if and only if
pat feu .

THEOREM 4.17 (LINK CONFINEMENT). Let c = (¢, functor({l : A}) e) withet+c:{l: A} —,, B,
ande vy : A. Fori = 1,2, let p; be a value with p;.l ~ v’ exactly when v’ = v;. For values p1, p,, if
pik pivic = p;ow; fori=1,2, then wy = wy. Moreover, p; + p1><c || ifand only if p + pa>ac 1.

The client’s exports w; thus depend neither on the ambient environments p; nor on the rest of
the providers. The closure ¢ captures the empty environment, which excludes a client that captured
a nonempty one, such as an inline open functor. A sandboxed client evaluates to a closure over the
empty environment wherever it is written (Section 2.3). For terminating runs, the client may be
any expression that evaluates only to this closure, such as a variable bound to a loaded module.

5 Extensions, Implementation and Discussion

We extend the calculus and its metatheory (Section 5.1), present the WebAssembly compiler
(Section 5.2), and discuss limitations and further extensions (Section 5.3).

5.1 Extensions

We add unions, recursive types, and fixpoints to both calculi, and multi-import linking to Asce
(Figure 12). Every theorem so far extends to these constructs, and Lean checks the new proof cases.

Unions and Recursion. Union types let the loader of Section 2.4 return either a plugin or an error.
Matching the Plugin case binds the loaded plugin at the functor type required for linking. Iso-
recursive types describe recursive data, and fixpoints define recursive functions. These constructs
elaborate directly to their counterparts in Ag; Appendix B.1 gives the rules.

Multi-Import Linking. Multi-import linking e; »<. e, selects a unique provider field of the required
type for each importin D = {l; : A1} & - - - & {I, : A,}. Elaboration replaces the single-field record
in term (1) with {l; = p.li} 4 - - - y {I, = p.I,}, where p names the provider. Core linking constructs
the same term from separately compiled modules (CL-LINkN): source and core links terminate
with results related by elaboration or diverge together, for both static and dynamic links. For a
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fixed well-typed client and ambient environment, links with typed provider values supplying the
same import package yield the same client exports and diverge together. Separate compilation
correctness also covers files combined in dependency order by linking against accumulated exports
or merging import-free files. Rules and proofs appear in Appendix B.2 (Theorems B.4 and B.6) and
Appendix C.1 (Theorems C.1 and C.2).

5.2 Implementation

SCE-Lang implements Ascg in about 4,500 lines of OCaml. The compiler parses and desugars source
programs into Ascg terms, then typechecks and elaborates them into Ag. It provides interpreters for
both calculi and a WasmGC backend, and implements every extension above.

Units and Linking. SCE-Lang represents an importing file as a sandboxed functor over its imports,
and an import-free file as a structure boxed under the empty environment. Each unit elaborates
under the empty context to a core term, stored with the interfaces the loader checks. The linker
chains units, saving each result as a unit for staged linking. Theorem C.2 proves chains correct.

Compilation to WebAssembly. The WasmGC backend compiles these units without a dedicated
linking instruction. Figure 13 shows the compilation of Ag’s environment operations, omitting
tags and casts. At run time, a local p holds an environment reference, and struct.new allocates
garbage-collected pairs and closures. The merge code pairs p with the value x of e; to evaluate e,
then pairs x with the result. The core linking term (1) needs only these operations, index lookup,
records, and field selection. For multiple files, the backend emits a WebAssembly link module
that imports unit entry points and links their results using the core construction of Theorem C.2.
Saved linked units can likewise be compiled and linked again. Appendix C.2 gives the full rules;
Appendix D traces the compilation of Add and Double.

5.3 Discussion and Limitations

The calculus is simply typed: signatures describe value exports, without ML-style abstract type
components, sharing constraints, generativity, or polymorphism. These features would let separately
compiled units hide representation choices and expose reusable interfaces over abstract types.
Subtyping offers a concrete next step. We could add an interface restriction e : A: when the type
of e is a subtype of A, a cast restricts its value to A, discarding components outside that interface.

This suggests the following module-application rule:
Fl—ef:D—>mB->e} Ihep:Pe, [P] <: [D]

T'repeey: B~ ep(e,:[D])

Arpr-SUB

Here the inserted restriction supplies the functor’s import interface. At the level of interfaces,
this would allow applying Double directly to Add: restriction keeps only op. Application would
thus perform import matching but return only the client’s result: a form of linking as application.
Disjointness at merges and context extensions would keep casts unambiguous. Such a discipline
could draw on compositional programming [53] and type-directed operational semantics [21].

Sealing and polymorphism call for further extensions. One direction is to enrich the target
with polymorphism and higher-order type operators, as in System F,,,, while retaining first-class
environments. We could then investigate an elaboration in the style of F-ing modules [40], with
the aim of supporting ML-style modules alongside first-class linking and environments.
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Clenv],
Cle»e2],
Clei s e2],

local.get p

Clei], 1local.set p’ Clez],

Clei], 1local.setx
local.get p local.getx struct.new$Pair local.set p’ i P = (p,x)
local.get x Clez],r struct.new $Pair

C[AA. €], ref.func $f local.getp struct.new $Clos
where the lifted function $f(self, x) is
local.get self struct.get $Closenv local.get x
struct.new $Pair local.set p’ ;3 pf = (self.env, x)

C[[e]]p’

Cleil, 1local.teec Clez]p
local.get ¢ struct.get $Clos fn call_ref $Fn

CIIel eZ]]P

Fig. 13. Compiling the environment operations of Az to WasmGC.

6 Related Work

Program fragments and separate compilation. Cardelli’s linksets (Section 2.2) formalize simply
typed separate compilation, preserving typing under combination and linking [7]. SMLSC brings
linksets to Standard ML [48]. Sewell proves that two ML-style structures build in sequence exactly
when the second builds as a functor on the first [42]. Manifest types [26], Backpack [24] and
MTAL [14] check units, packages and object files against imports. All link outside the language;
none proves that linked code matches the merged sources. Corollary 4.13 proves this property.

Linking as a language construct. In Units, a compound expression links first-class units even
inside functions [12]. Owens and Flatt type units [32]. Alice ML models components as functions of
imports and static linking as an ordinary term [37]. MixML links mixins as a module construct [39].
Hirschowitz and Leroy compile a call-by-value CMS, a mixin calculus with mutual recursion, to
a A-calculus with records and let rec [3, 19]. These second-class mixins cannot be function
arguments or results. Units and MixML support recursive linking, Owens and Flatt’s units have
type components, and Alice ML loads components at run time. These capabilities exceed Ascg; none
of these typed designs proves that linking compiled code agrees with the source link.

Flatt and Felleisen state no theorem. Owens and Flatt prove type soundness, and Rossberg states
it unproved. MixML and Hirschowitz and Leroy prove only type safety, via typed translations. CMS
and MM, a call-by-value mixin calculus, have reduction semantics [3, 20], but no compiler is proved
against them. Lee and Friedman give two untyped calculi, AC and ACD [25]. Source programs in
AC are contexts (terms with holes), with no linking construct. They prove that primitive linking
of compiled code agrees with compiling source contexts after meta-level hole filling. ACD adds
definitions, combined with seq and rec, whose compiled forms link compiled components. For
ACD, they prove no such theorem. In Agcg, a link is a source expression, reduced by rule S-LINKV,
and Corollary 4.12 covers it, even at run time.

Units’ implementation and Alice ML’s semantics represent clients as functions of their imports.
Units’ formal model merges source text and contains no compiled code; Alice ML’s static linking is
only sketched. In Ascg, this form is the link’s elaboration. Flatt and Felleisen argue informally for
separate compilation of closed units; Lemma 4.1 proves that a sandboxed client compiles identically
in every scope. Units and MixML check a component’s body under its enclosing scope, as our open
functors do [12, 39]. Alice ML instead uses a custom component manager to restrict imports at run
time [37]. A sandboxed AscE client is closed by typing and, once compiled, by its box, as in Ag [50],
wherever it is written, and Theorem 4.17 proves its confinement. Corollary 4.12 proves that the
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core linker agrees with source linking for every well-typed link, even under binders. We know of
no other typed calculus with linking as an expression that states such a theorem.

Modules by elaboration. Module systems are often defined by elaboration [10, 38, 40]. Crary
proves in Coq that his elaboration of ML modules is contextually correct and fully abstract [8]. These
systems are richer than Ascg, with type abstraction, sharing and generativity, and full abstraction is
stronger than our behavior preservation, which relates runs, not contextual equivalence. Yet none
defines a linker for compiled fragments or a linking construct of its own. Harper and Lillibridge
model linking as functor application and claim, without proof, that separate and whole-program
compilation agree [16]. Corollary 4.13 proves a semantic counterpart for simple types.

Dynamic linking. Ancona et al. combine static and dynamic linking in one calculus, separating
configuration and command languages [2]. They leave first-class linkset values as future work. In
Asce, links are ordinary expressions; providers and clients are first-class values. Links under binders
realize Cardelli’s suggestion of imports not restricted to the top level [6]. Drossopoulou et al.,
Assemblages, Acute, dynamic rebinding and TAL/Load model run-time code loading [11, 18, 27, 43,
44], covering lazy resolution, re-linking and versioning, which Ascg does not. They prove soundness
(conjectured for Acute), and Drossopoulou et al. and dynamic rebinding also prove strategies
equivalent. None proves that run-time linking of compiled code agrees with source linking.

Verified separate compilation. Verified compilers treat linking outside the source language. For Sep-
CompCert, Kang et al. prove in Coq that linked, separately compiled C files refine the linked source,
using whole-program correctness for passes that commute with linking [23]. CertiCoq’s linker is a
term template that plugs a library into an open client, and not every CertiCoq pass commutes with
it [33]. Bowman and Ahmed link by substitution and prove that closure conversion commutes with
it up to equivalence [5]. CakeML compiles code at run time but does not support partial compilation
and linking [45]. SepCompCert and CertiCoq verify optimizing pipelines, far beyond our compiler.
SepCompCert also relates I/O traces. Ascg has no I/O, and relates results and divergence. Still, none
has a linking construct in its source, so commutation needs its own proof or fails. Nor do their the-
orems cover dynamic links. In Agcg, rule CL-LINk wraps compiled fragments in a fixed Ag template,
exactly the term that ELAB-LINK assigns to the source link. Commutation is thus a design property
rather than a proof obligation, and Theorems 4.8 and 4.9 give correctness, static and dynamic.

Patterson and Ahmed distinguish linking with code from the same compiler, other compilers and
other languages [34]. Ours is of the first kind, whereas Compositional CompCert, Pilsner, Perconti
and Ahmed, and CompCertM cover the other kinds [30, 35, 46, 47]. Patterson and Ahmed warn that
a theorem whose linker compiles source code is meaningless, as readers must trust the compiler.
CL-LiNK sees only compiled fragments and interfaces and emits a fixed Ag template.

First-class environments. First-class environments turn bindings into values [13]; untyped lan-
guages use them for modules and run-time linking [22]. Queinnec and De Roure represent modules
as functions of environments supplying their free variables [36]. Their import evaluates code in
a supplied environment chained to the lexical one, but no theorem relates it to compiled code.
The typed calculi of Nishizaki and Sato et al. prove subject reduction and confluence [31, 41], and
Hashimoto and Ohori suggest contexts for run-time linking [17], but none states a linking theorem.
Ag encodes sandboxed modules as boxed functions, with no module types and no link [49, 50]. Like
definitional interpreters [1], its metatheory avoids term substitution. Closure conversion also pairs
closed code with environments, but translates a substitution-based source [28]. Over Ag, Asce adds
the module language, links, the core linker and the separate compilation corollary. Commutation
itself needs no first-class environments: any compositional translation of the link would do. They
determine which links a program can write. A link can take the current scope env as its provider,



1128
1129
1130
1131
1132
1133
1134
1135
1136
1137
1138
1139
1140
1141
1142
1143
1144
1145
1146
1147
1148
1149
1150
1151
1152
1153
1154
1155
1156
1157
1158
1159
1160
1161
1162
1163
1164
1165
1166
1167
1168
1169
1170
1171
1172
1173
1174
1175
1176

24 Jam Kabeer Ali Khan, Jinhao Tan, and Bruno C. d. S. Oliveira

at a static type, and Corollary 4.12 covers it. A linked library can be the scope of a computation, as
inbox lib in e.Because a closure captures its whole environment, the box > (A[A]. ¢’) empties
the environment of a compiled sandboxed client, even under a binder.

7 Conclusion

Separate compilation correctness needs an account of linking. Linking as evaluation makes that
account the source semantics. The core linker emits the source link’s elaboration, so compilation
commutes with linking. Semantics and behavior preservation give links the same behavior at top
level, under binders or at run time. Three ingredients shape the design: source reduction rules for
linking, elaboration using only compiled operands and their interfaces, and contexts and interfaces
as ordinary types, as in Ag [49, 50]. Earlier work we know of has at most two. Cardelli’s linksets,
SMLSC and verified compilers lack source-level linking, and MixML and Alice ML define it only by
translation. Units has the construct but merges source text. The first two yield separate compilation
correctness, and the third decides which links a program can write.

Lean checks every proof, and the WebAssembly backend needs no linking instruction. Our results
cover simple types. A concrete next step is subtyping, through an interface restriction. Sealing
and polymorphism could build on a target that keeps first-class environments and adds the type
operators of System F,,, with an elaboration in the style of F-ing modules [40].
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1275 A Big-Step Semantics of Asce

1276 Figure 14 gives the big-step semantics used in Section 4.3. The lemmas below establish its equiva-

1277 lence with small-step evaluation (Theorem 4.4) and show that evaluation produces values.

1278
1279

1280 (Big-step evaluation)

1281 Evar-Ipx
. EvAaL-VAL EvaL-Env vre=0; lookupV(vi,n) =0, Evar-Lam
1283 ot =0 ovrenv=u ok en= v ok AA. e = (v,AA. e)
1284 Evar-Arp Evar-Box
1285 1A ’
vhe = (v, AA.e) vhey=uy Vi U Fe=0 Ve >U; U Fe =0y
1286
1287 vhele =70 VF e e = 0y
1288 EvaL-MrG EvaL-Rcp EVAL-SEL
1289 Ve =01 Vg0 ke =0 vke =y vre=u; v~ 0y
1290
or Uk epgey = U140z vr{l=e}={l =01} vrkel=u,
EvAL-LET EvarL-OpeEN
1292
1293 vhe =0 vie = {l=0} EvaL-NMRrG
1294 Vo0 F €y = 0y Vq0U1 F € = 0 Ve =07 0F e =0y
1295 vt lete; in e, = vy v F open ey in e; = vy VF €] gy = U140
1296 EvaL-STR
1297 vhe=1 Evar-Fun
1298
/7
1299 v + struct e = struct v v + functorg(A) e = (ambg(v), functor(A) e)
1300 EvAaL-LINK
1301 EvAL-MApp oFer =10
1302 v + ey = (vy, functor(A) e) 0 + e = (vy, functor({l : A}) e)
1303 Ve >0y, U ,03Fe=0 vid~v v,{l=v}re=uv;
1304 ;
Vhel®ee; >0 Uk e pey = 01903

1305
1306
1307 Fig. 14. Big-step semantics of Asck.

1308

1309 LEMMA A.1 (SOUNDNESS OF BIG-STEP). If v e = v thenv e —* 0'.
1310
LEMMA A.2 (COMPLETENESS OF B1G-STEP). If v+ e —* €’ and e’ is a value, thenv + e = €.

1311
1312 LEMMA A.3 (EVALUATION PRODUCES VALUES). If v I- e = ¢’ then e’ is a value.
1313 .

514 B Extensions

1315 The following rules complete the extensions of Section 5.1.

1316
137 B.1 Unions, Recursive Functions, and Recursive Types

1318 Unions and recursion extend both calculi with the syntax of Figure 12 and the following runtime

1319 forms:

1320 Expressions e o | {0, fix(A—B). e)r

1321 Values #= .- |inlg o |inra v | (v, fix(A—B). e)s | fold [ua.A] v

1322 Frames F u= ..-|inlg O] inry [J| case [J of e; | e; | fold [pa.A] OJ | unfold OJ
1323

S}
Il
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In the paper, types in judgments and annotations are closed: every type variable is bound
by an enclosing p. We write A[B/a] for capture-avoiding type substitution. The mechanization
represents type variables by de Bruijn indices, and its fold constructor stores the body of the
recursive-type annotation. The lemma elab_substTyp proves that type translation commutes with
the mechanized substitution at any depth.

(Elaboration: extensions)

Eras-INjL Eras-INjR
IF're:A~ ¢ I'te:B~ ¢
['+inlge: AV B~ inlfg) ¢’ [rinrge: AV B~ inrpy) e
ELAB-CASE
I'te:AVB~se¢ ELAB-FIxX
T&Al-el:Cwei F&Br—ez:cweé F&(A—>B)&Are:B~ ¢

I'-caseeof e |e;:C~> casee’ of ef | e; T+ fix(A—B).e: A — B~ fix([A]—[B]). ¢’

EraB-FixCros
ero:1~0 T &(A—>B)&Are:B~ ¢

I+ (v, fix(A—B). e)y : A = B~ (0, fix([A]—[B]). e')r

EraB-FoLp ErLaB-UNFOLD
Tre:Alpa.Ala) ~ € Tre:paA~ ¢
T+ fold [pa.A] e : pa.A ~ fold [[ua.A]] € '+ unfold e : A[pa.A/a] ~~ unfold e’

The core typing rules are obtained by replacing each judgmentT' e : A ~> ¢ withT Fe: A
and restricting all metavariables to the core syntax. Type preservation for fold and unfold uses the
following lemma.

LeEMMA B.1 (TRANSLATION COMMUTES WITH SUBSTITUTION). If ua.A is closed, then

[Alua.A/al] = [A] [[ua.Al/a].

7’

vke—e (Small-step reduction: extensions)

S-CAsSEL S-CaseR
vt caseinlg v; of ey | e; — (v ,01) > eg vt caseinry vy of ey | es — (vo01) > ey
S-Fix S-UNFoLDV

o + fix(A—B). e — (v, fix(A—B). e)r v + unfold (fold [pa.A] v1) — v;
S-FIXBETA

v + (vy, fix(A—B). e)r v; — (vz 4 (va, fix(A—B). e)r yv1) > e

The same frames and rules extend core reduction, with  in place of + throughout.
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(Big-step evaluation: extensions)

Evar-InjL Evar-InjJR
vke=u; ke = u;
v +inlg e = inlg v v t+inry e = inry v;
Evar-CAseL EvarL-CaseR
vre=inlgo; v,0+Fe =0 vre=inrgav; v,0; ey =0
’ 7
vicaseeof e; |e; >0 vrcaseeof el | ey =0

EvAL-FixAprp
v = (v, fix(A—B). e}y v+ e = vy

EvaL-Fix VFe; =0y 0150f02Fe=0
v + fix(A—B). e = (v, fix(A—B). e)r vke e =0
EvaLr-FoLp EvaL-UNFoLD
vk e= v v+ e = fold [pa.A] v;
v + fold [pa.A] e = fold [pa.A] v v + unfold e = v;

Rule EvaLr-VaL covers the extended values. Replacing source judgments with core judgments
gives the corresponding big-step rules.

B.2 Multi-Import Linking

Import interfaces D are defined in Figure 12.

L IFD (Interface satisfaction)

OK-ONE OK-MORE
l:AEIl Il‘FD l:Ae.Il
I IF{l:A} LIFD&{l:A}

Elaboration and Core Linking. Figure 15 generalizes (1): wirex (D) builds the import package from
a provider at index k. Theorem B.3 establishes link typing under fragment typing and interface
satisfaction. Unlike CL-LINK, rule CL-LINKN has no premise: Theorems B.3 and B.4 assume the
satisfaction I; |- D instead.

Tre:A~ e, e :[Ii] > e :[D] = [L] ~ink 6[‘ (Multi-import linking)

EraB-LINKN
IF'rei:h~e Tre:Dop,L~e ILI-D

I+ ey >4 ey : 11 & Ig ~ linkc([[Il]], [[Dﬂ, [[12]], e{, eé)
CL-LINkN

er: [I1] >« e2: [D] = [L2] ~iink linke([I1], [D], [L], e1. e2)
wire,({{: A}) £ {I=kl}
wirex(D & {l: A}) 2 wirer(D), {l = k+1.1}
linke(I;, D, I, e1,e5) = (AL A(D — L). 1, (1 wireg(D))) e; e

Fig. 15. Multi-import linking: elaboration, core linking, and the linking term for an import interface D. The
term of (1) is the instance D = {l : A}
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The right operand of each dependent merge uses index k + 1, since the left operand adds one
environment entry. For D = {x : Int} & {y : Int}, the wire is wireg(D) = {x = 0.x} y {y = 1.y}, and
the provider {y = 2} ¢ {x = 1} , {z = 3} supplies the package {x = 1} , {y = 2}.

Semantics. The judgment selpkg(v, D) = p states that selecting the imports of D from provider v
gives the package p.

selpkg(v,D) =p ‘ (Package extraction)
SP-ONE SP-MORE
v.l ~ y selpkg(v,D) =p 0.l ~ g
selpkg(v, {I : A}) ={l =v;} selpkg(o,D & {l : A}) =p o {l =v;}
Two additional frames evaluate the provider and then the client under the ambient environment:
Frames F =z= - |Ovxe|ove< O
vrFe—e (Multi-import linking)
S-LINKNV

selpkg(v1, D) = p

v F v1 >4, (vy, functor(D) e) — vy 5 ((v24p) > €)

(Multi-import linking)

EvAL-LINKN
vFe =>0v; UF e = (v, functor(D) e) selpkg(vy,D) =p v29pte= v;

Uk e Pl eg = U1 903
Properties.
Lemma B.2 (Wire Typing). If I; I D and lookup(T, k) = [I], thenT + wirex([D]) : [D].

THEOREM B.3 (MULTI-IMPORT LINK TYPING). If e : [I1] > e : [D] = [L] ~~ink e L IF D,
I, Fe:[I1]], and T, F e; : [D] = [L]. then T, + e, : [I] & [I2].

THEOREM B.4 (MULTI-IMPORT STATIC SEPARATE COMPILATION). Let e, = functorg(D) e with
erey:D —, I ~ ey Supposee + ey : Iy ~ e, I IF D,ande; : [I1] > e, : [D] = [L] ~iink e
Then clauses (a)—(c) of Corollary 4.12 hold for e; ><. e; and e;, withv =u =¢.

ProoF SKETCH OF THEOREM B.4. Rules ELAB-LINKN and CL-LINKN produce the same core term
under the theorem’s premises. Theorems 4.8 and 4.9 then give clauses (a)—(c). O

As in Corollary 4.12, the result generalizes to a provider elaborated under I' and evaluation under
a corresponding environment. Lemma 4.1 reuses the client’s elaboration under ¢ unchanged.

For multi-import linking, the mechanized replacement law requires the replacement provider to
preserve every extractable package, over all import interfaces.
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THEOREM B.5 (MULTI-IMPORT INTERFACE REPLACEMENT). Supposev + e;p<.e = p1ow,v F €3 = P,
and, for every D and q, selpkg(p1, D) = q implies selpkg(p2, D) = q. Then

VEep. e = prgw.
IfalsoT Fexpae:Aero:T,andoF ey>s. e = pagw, thenw =w'.

Proor SKETCH. Reuse the client and body evaluations in rule Evar-LINkN, with the replacement
provider and the same import package. The equality follows from determinism (Theorem 4.15). O

The first part of Theorem B.5 needs no typing, and the theorem concerns only terminating runs.
For typed provider values, a two-way law holds, the multi-import counterpart of Theorem 4.14.
Providers that supply the same import package give the client the same exports, whatever they
supply at other interfaces, and one link diverges exactly when the other does.

THEOREM B.6 (MULTI-IMPORT INTERFACE ABSTRACTION). Let p1 and p, be values. SupposeT e :
D —,, B,e+v:T,and fori =1,2,¢+ p; : P;, P; I D, and selpkg(p;, D) = q. Then, for every value
w,

VEpi>i e PrgW = UEpPrrie = Prgw

ando + py><. e | ifand only ifv + pae<. e ).

C Implementation Details

We give the unit-linking construction and WasmGC compilation used by SCE-Lang (Section 5.2).

C.1 Units and Linking

An importing file is represented by the sandboxed functor functorg ({M; : A1} &- - - &{ My : Ar}) e,
with each A; read from M;’s interface file. An import-free file is a structure boxed under the empty
environment.

Let ey, ..., e, be units in dependency order, with n > 1 and e; import-free. Each e; elaborates
independently under ¢ to ¢;, at type E; if import-free and D; —, E; otherwise. Write S;, L;, and I
for the source composition, core composition, and accumulated export type. Initially,

S1=¢ L =¢ I, = E;.
For an importing unit e;;;, require I; |- D;1; and set
Sit1 = Si > i1,
Liy1 = linke([L], [Dis1], [Ei+a]s Li cis) -

For an import-free unit, set S;41 = S; o €;4+1 and construct L;y; from L; and ¢;4; using the encoding
of rule ELAB-NMRG. In either case, [;+; = I; & E;4;. For binary chains, each importing unit has a
singleton interface D; 1 = {I : A}; require ] : A € I; and use Sj+1 = S; > €;41. The core construction
is unchanged.

THEOREM C.1 (UNIT-CHAIN CORRECTNESS). Fora binary chain constructed above, ¢ - Sy, : I, ~> Ly,
and clauses (a)—(c) of Corollary 4.10 hold for S,, and L,, at type I,,.

THEOREM C.2 (MULTI-IMPORT UNIT-CHAIN CORRECTNESS). For a multi-import chain constructed
above, ¢ + Sy, : I, ~ Ly, and clauses (a)—(c) of Corollary 4.10 hold for S, and L,, at type I,.

Proor SKETCH. Induct on the chain, starting from the first unit’s elaboration. Each extension
uses ELAB-LINK or ELAB-LINKN for an importing unit, and ELAB-NMRG for an import-free unit.
Corollary 4.10 then gives clauses (a)—(c). O
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For WebAssembly, a link module imports unit entry points and compiles the same composition
with environment projections for their results (Appendix D.3).

C.2 Compilation to WebAssembly

Figure 16 compiles well-typed program terms of extended A (Appendix B); runtime closures are
not compilation inputs. Field selection uses the inferred type of its operand. The Wasm backend
represents integers and performs arithmetic with 132, so the literal rule is restricted to signed
32-bit integers.

Clenv], = | local.get p
Clel, = | global.get $unit
Clil, = |i32.const jpt 1i32.consti struct.new $I32Box
Cle.n], =|Clel, £L* R
Cle.], =|Clel, P(AI) ref.cast(ref $Lrec)
struct.get $Lrec value
Cl{l=e}], = |i32.const rirec  B(I) C[e], struct.new $Lrec
Cler > e2]p = | Clei], 1local.setp’ Clez],
Clersez]p = | Clei], local.setx

i32.const Tyrg  local.get p local.get x
struct.new $Pair local.set p’
i32.const zyrg local.getx Clez],r struct.new $Pair

C[2A. €], = | i32.const 7c1os ref.func $f local.get p struct.new $Clos
where the fresh lifted function $f(self, x) is
i32.const Tyrg local.get self ref.cast (ref $Clos)
struct.get $Closenv local.get x struct.new $Pair
local.set p’  Cfe],

Cler e2]p = | Clei], local.teec C[ez], local.getc
ref.cast (ref $Clos) struct.get $Clos fn call_ref $Fn

L = ref.cast (ref $Pair) struct.get $Pair left

R = ref.cast (ref $Pair) struct.get $Pair right

B(l) = i32.const off; 1i32.const len; array.new_data $Bytes $strings
PHL:-ALD = []
PA&B, 1) = L P(AL ifl € label(A), I ¢ label(B)
PA&B, 1) = RP(BI) ifl¢label(A), I € label(B).

Fig. 16. WasmGC compilation of extended Ag (1/2): the base calculus. The local p holds the environment, and
T is the tag for constructor k. Introduced locals are fresh; each compiled term leaves one value reference
on the stack. In selection, A is the inferred type of e. Juxtaposition concatenates instruction sequences; L"
repeats L n times. The pair (off, len;) locates [ in the passive data segment $strings.
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Clfix(A—B). €],

i32.const Tfc1os  ref.func $f local.get p
struct.new $Clos
where the fresh lifted function $f(self, x) is
i32.const 7yrg  132.const Tyrg
local.get self ref.cast (ref $Clos) struct.get $Clos env
local.get self struct.new $Pair local.get x
struct.new $Pair local.set p’ Cl[e],

Clinlp ], = |i32.const iy Cle], struct.new $Wrap

Clinrya €], = |i32.const ripr  Cle], struct.new $Wrap

Cl[case e of e; | €], Cle], local.setu

local.getu struct.get $Val tag
i32.const 7in1  132.eq

if (result (ref null $val))

E(p.u,p1) Clep,
else

E(p,u,p2)  Clealp,
end

Clfold [pa.A] €], i32.const 7ro1g Cle], struct.new $Wrap

C[unfold €], = | Cle], ref.cast(ref $Wrap) struct.get $Wrap value

E(p,u,p’) = | i32.const 7prg local.get p local.getu
ref.cast (ref $Wrap) struct.get $Wrap value
struct.new $Pair local.set p’

$val tag:i32 $I32Box tag:i32,n:i32
$Pair tag:i32, left:V, right:V $Lrec tag:132, label:B, value:V
$Clos tag:i32, fn:F,env:V $Wrap tag:132, value:V

V = (ref null $val), B = (ref null $Bytes), F = (ref null $Fn)
$Bytes = (array (mut i8)), $Fn: (V,V) >V, $UnitFn: () —» V.

Fig. 16. WasmGC compilation of extended Ag (2/2): unions and recursion, with runtime layouts in field-index
order. Struct fields are immutable; each struct except $Val is a final subtype of $Val. Value locals and results
have type V. The global $unit is a $Val with tag 3. Tags for integers, merges, records, closures, recursive
closures, left and right injections, and folds are 0,4, 5,6, 7, 8,9, 10, respectively.
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D The Double Example Through Compilation

The files of Figure 1 appear below in the paper’s surface notation.

Add.scei Double.scei
sig sig double : Int -> Int end
op : Int -> Int -> Int
unit : Int
end
Add.sce Double.sce
module Add = struct import Add
let op (x y : Int) : Int = x +y module Double = struct
let unit : Int = @ let double (x : Int) : Int = Add.op x x
end end

D.1 Link, Then Compile
The unit wrappers give the following top-level link S:

link (sandbox struct
module Add = struct
let op (x y : Int) : Int = x +y
let unit : Int = @
end
end) with sandbox functor
(M : { Add : sig op : Int -> Int -> Int; unit : Int end }) ->
open M in struct
module Double = struct
let double (x : Int) : Int = Add.op x x
end
end

We abbreviate the core terms below, with n = env.n. Identity applications and the internal label
%open are retained from the compiler output.

O =Int — Int — Int, P={op:0}&{unit : Int},
T ={double : Int — Int}, I={Add:P}, J = {Double : T}.
idga = 1A. 0,

ay = Alnt. Alnt. 1 + 0,
b = Alnt. (1.Add.op) 00,

ra ={op = ido a+} s {unit = idy 0},

rp = {Double = {double = id,t—nt b}},
a=¢>{Add =ra},
d =¢ev> AL (AL rp) ({%open = 0}.%open).

Compiling S gives
L=(AL.A(I - J).1,(1{Add =0.Add})) ad.

K
The linked library exports Add and Double, and S.Double.double 5 evaluates to 10.
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D.2 Compile, Then Link in the Core
Compiling the files independently produces:

Add. sceo — a:l
Double.sceo +— d:I—].

The core linker selects Add for the client’s import and produces
Leore = (AL A(I = J). 15 (1 {Add = 0.Add})) a d
=1L.
Both routes produce the same core term, with
&+ Leore.Double.double 5 = 10.

D.3 Compile, Then Link in WebAssembly
The core units compile to separate modules, each exporting main : () -> (ref null $val):
a +— Add.wasm d +— Double.wasm.

If their entry points return p and f, the link module constructs p = (¢4 p) 5 f and executes the
compiled term K 1 0. The listing uses symbolic type and function names and omits shared type
declarations and rendering support.

Lib.wasm

(module
;3 Shared types and rendering support omitted.
(import "u@" "main" (func $Add.main (type $UnitFn)))
(import "ul" "main" (func $Double.main (type $UnitFn)))
(global $unit (ref null $Val) (struct.new $Val (i32.const 3)))
(data $labels "Add")
(elem declare func $1ink@ $1link1)

(func $main (export "main") (type $UnitFn)
(local (ref null $val) (ref null $val) (ref null $val))
global.get $unit local.set @
i32.const 4 local.get @ call $Add.main struct.new $Pair local.set @
i32.const 4 local.get @ call $Double.main struct.new $Pair local.set @
i32.const 6 ref.func $1ink@ local.get @ struct.new $Clos local.tee 1
local.get @ ref.cast (ref $Pair) struct.get $Pair 1 ref.cast (ref $Pair)
struct.get $Pair 2 local.get 1 ref.cast (ref $Clos) struct.get $Clos 1
call_ref $Fn
local.tee 2
local.get @ ref.cast (ref $Pair) struct.get $Pair 2 1local.get 2
ref.cast (ref $Clos) struct.get $Clos 1 call_ref $Fn
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Lib.wasm (continued)

(func $1inke@ (type $Fn)
(local (ref null $Val))
i32.const 4 local.get @ ref.cast (ref $Clos) struct.get $Clos 2
local.get 1 struct.new $Pair local.set 2
i32.const 6 ref.func $link1 local.get 2 struct.new $Clos

(func $link1 (type $Fn)
(local (ref null $val) (ref null $val) (ref null $val))
(local (ref null $val))
i32.const 4 local.get @ ref.cast (ref $Clos) struct.get $Clos 2
local.get 1 struct.new $Pair local.set 2
local.get 2 ref.cast (ref $Pair) struct.get $Pair 1 ref.cast (ref $Pair)
struct.get $Pair 2 local.set 3
i32.const 4 local.get 2 local.get 3 struct.new $Pair local.set 4
i32.const 4 local.get 3 local.get 4 ref.cast (ref $Pair)
struct.get $Pair 1 ref.cast (ref $Pair) struct.get $Pair 2 local.tee 5
i32.const 5 i32.const @ i32.const 3 array.new_data $Bytes $labels
local.get 4 ref.cast (ref $Pair) struct.get $Pair 2 ref.cast (ref $Lrec)
struct.get $Lrec 2 struct.new $Lrec local.get 5 ref.cast (ref $Clos)
struct.get $Clos 1 call_ref $Fn
struct.new $Pair

)

;; sce.units: Add, Double

)

Each unit and the link module declares the same recursive group of ABI types (Figure 16), allowing
values to pass between instances. The host supplies the unit entry points and calls the linker:

const imports = {
ud: { main: add.exports.main 3},
ul: { main: double.exports.main }
b
const lib = new WebAssembly.Instance(linkModule, imports);
const result = lib.exports.main();

The linked result, rendered by the implementation, is
{ Add = { op = <fun>, unit = @ }, Double = { double = <fun> } }

Calling its Double. double function on 5 returns 10, as in Sections D.1 and D.2.
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